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Introduction
In analyzing the structure of Minkowski space, Kopczyński & Trautman [1] stressed its underlying affine structure which expresses the inertial properties of spacetime. Superimposed to it, there exists a flat metric which allows to calculate lengths, times, and angles. It is the combination of both structures, the affine and the metric one, which determines the unique features of the Minkowski space of special relativity.
In special relativity the effects of gravity are neglected. Then the group of motions of spacetime is the Poincaré group with its 4 + 6 parameters. This group is the semidirect product of the translation and the Lorentz group.
A metric-affine model theory
In metric-affine gravity, the metric g αβ , the coframe ϑ α , and the connection Γ α β are considered to be independent gravitational field variables. In such a framework, one can recover general relativity by means of the gravitational Lagrangian
where we have R α β as curvature 2-form belonging to the connection Γ α β , η αβ := ⋆ (ϑ α ∧ ϑ β ), the Weyl covector is Q := Q γ γ /4 with the nonmetricity Q αβ := −Dg αβ , and the Hodge dual is denoted by a star ⋆ . Provided the matter Lagrangian L mat doesn't couple to the connection, i.e., if δL mat /δΓ β α = 0, we fall back to general relativity. It is decisive for these considerations to have a non-vanishing β in (1), see [8, 9] for a corresponding discussion.
In order to explore the potentialities of metric-affine gravity, we will choose the simple non-trivial dilation-shear Lagrangian,
with the dimensionless coupling constants α, β, and γ, and T := e α ⌋T α , where T α is the torsion of spacetime. In future we will choose units such that l 2 = 1. Observe that the last piece is of a pure post-Riemannian nature, in fact, it is proportional to the square of Weyl's segmental curvature which Weyl used in the context of his unsuccessful unified field theory of 1918. It can be alternatively written as −(α/2) dQ ∧ ⋆ dQ, where Q is the Weyl covector.
Below we will look for exact solutions of the field equations belonging to the Lagrangian
as the Lagrangian of the Maxwell field F = dA. We will only be able to find non-trivial solutions, if the coupling constants fulfill the constraint
This is not completely satisfactory but, up to now, we cannot do better. The search for exact solution in metric affine gravity has been pioneered by Tresguerres [10, 11] and by Tucker and Wang [12] .
3 Starting with the Plebański-Demiański metric of general relativity
Using the Eq.(3.30) of ref. [13] , see also [14, 15] , the orthonormal coframe can be expressed in terms of the coordinates (τ, q, p, σ) as follows,
with the metric
The unknown functions are polynomials and read:
The electromagnetic potential A appropriate for this solution can be expressed as follows:
4 Generating solutions in metric-affine gravity
It has been pointed out by Dereli, Tucker, et al., see [16, 17] , and by Obukhov et al., see [18] , that exact solutions of metric-affine gravity can be generated from electrovacuum solutions of general relativity if one assumes, besides the coframe (5), (6), a fairly simple form for nonmetricity and torsion, namely the so-called triplet ansatz (see [19] ) patterned after the electromagnetic potential in (9):
The Weyl covector Q and the torsion trace T were defined above, the Λ covector represents one irreducible piece of the shear part of the nonmetricity Λ := ϑ α e β ⌋(Q αβ − Qg αβ ).
The result of ref. [18] is even stronger: Let the starting point be a general metric-affine Lagrangian which is quadratic in curvature, torsion, and nonmetricity. Provided this Lagrangian possesses, like (2), only one curvature square piece built up from Weyl's segmental curvature R α α , then the triplet (10) represents the general solution for the post-Riemannian pieces of the connection. In other words, if one wants to find exact solutions encompassing also the other 2 + 2 irreducible pieces of nonmetricity and torsion, respectively, then one has to enrich the Lagrangian by other curvature square pieces.
For our Lagrangian (2), the constants in the triplet (10) read
and N e and N g are the quasi-electric and the quasi-magnetic dilation-shearspin charges, respectively. Now, in MAG, the polynomials depend also on these quasi-charges in a fairly trivial way,
where we introduced b := γ − λ/6. We slightly generalized the solution by means of the parameter µ, which can take the values −1, 0, +1. The postRiemannian charges N e and N g are related to the post-Riemannian pieces E o and G o , entering the polynomials, according to
The solution (5), (6), (10) to (13) has been thoroughly checked with the help of our computer algebra programs written in Reduce for the exterior calculus package Excalc, see [20] . This solution seems to exhaust all the possibilities one has with the Plebański-Demiański metric and the triplet ansatz.
Finally, we would like to link up our new solution with the more special cases known from the literature [19, 21, 22, 23] .
5 Reduction to a solution with mass, angular momentum, electric charge and quasielectric post-Riemannian triplet
In order to recover known solutions, we change to more familiar coordinates, namely to the Boyer-Lindquist coordinates of the Kerr solution:
(τ, q, p, σ) −→ (t, y, x, φ) −→ (t, r, θ, φ) .
More exactly, we have
By means of these transformations, the coframe (5) has the same form as that of the Vtoh-solution of ref. [21] , Eq.(3.1). In fact, we can identify the coframes, provided we have
These identities can be fulfilled by the ansatz
Therefore we have first to kill the µ-parameter: µ = 0. Furthermore, the magnetic and the quasi-magnetic charges and the NUT-parameter have to vanish:
A modification of ǫ = 1 − λj 2 o /3 is also necessary. Then, by a suitable redefinition of the constants, the electromagnetic potential reduces to (cf. [24] )
and the Vtoh-functions (for a 0 = 1 and z 4 = α) turn out to be: 
Note that we kept the electric charge e o . Correspondingly, we found the charged version of the Vtoh-solution. Putting e o = 0, we finally recover the Vtoh-solution of [21] : It carries only mass, angular momentum, and the quasi-electric dilation-shear-spin charge N e . Our solution of Sec.4 has, additionally, the NUT-parameter, electric and magnetic charges, the acceleration parameter, and the quasi-magnetic dilation-shear-spin charge.
